A B S T R A C T Thermoelectric (TE) materials, with the ability to convert heat directly to electricity, have attracted worldwide increasing attention due to the strong urge for clean energy today. However conventional TE devices suffer from the low conversion efficiency for decades due to the trade-off between TE parameters. Novel quantum materials such as topological insulators with unique boundary states protected topologically against backscattering offer a new way for designing high-performance TE devices. Here we demonstrate that topological insulator nanoribbons, which exhibit unconventional TE behaviors, can greatly improve the TE efficiency. As an example, we calculate the TE properties of the ZrTe 5 nanoribbon through the Boltzmann transport theory with the electronic bands and the thermal conductivity obtained from ab initio calculations. The dramatic difference in the scattering intensity between the in-gap topological edge states and the bulk states originates several unusual TE behaviors: (I) The electrical to electronic thermal conductivity ratio can be several times larger than that predicted by the Wiedemann-Franz law. (II) The reduced Seebeck coefficient shows an anomalous opposite sign to that of normal semiconductors with the magnitude much larger than unity. (III) By properly introducing defects, the thermal conductivity can be significantly reduced without noticeably deteriorating the electrical conductivity. (IV) Under appropriate strain, the electrical to electronic thermal conductivity ratio could be tens of times larger due to the bulk gap narrowing. These results indicate that a figure of merit larger than ten is highly likely.
Introduction
Nowadays the escalating energy crisis has become a global issue. It is imperative to find cleaner, more sustainable energy sources, and improve the efficiency of existing energy technologies. Among all the possible solutions, the thermoelectric (TE) generators, which can convert low graded heat into high quality electricity, having advantages of solid-state operation without moving parts, no release of greenhouse gases, good stability, and high reliability, have attracted widespread research interest [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Despite the vast potential impacts, the low energy conversion efficiency, difficult to compete with most traditional and commercial power generators, seriously restricts their applications [13, 14] .
The TE conversion efficiency of a given material is govern by the dimensionless figure of merit zT . To date, no material with > zT 3 has been reported [15, 16] . The difficulty of searching for materials of high zT stems from the trade-off between the TE parameters. The figure of merit can be expressed as = zT σS T κ / 2 , where T is the absolute temperature, S the Seebeck coefficient, σ the electrical conductivity, and κ the thermal conductivity composed of the electronic part κ e and the lattice part κ L . It can also be expressed as = zT CRS 2 (Method section), in which C~0.3 is a constant, = S S k ẽ/( / ) B the dimensionless reduced Seebeck coefficient, = R σ κR / WF the ratio of the electrical conductivity σ to the thermal conductivity κ normalized by R WF . Here,
is the value of σ κ / expected from the Wiedemann-Franz (WF) law.
For metals, the electronic contribution κ e . is typically much larger than the lattice part κ L so that the ratio R is approximately equal to = R σ κ R / e e W F , which, according to the Wiedemann-Franz law, is nearly unity. As a result, the figure of merit is mostly determined by the magnitude of the reduced Seebeck coefficient, which is normally much smaller than unity, so that metals are in general not good TE materials with zT much smaller than unity. Insulators are commonly not good TE materials either because of their low electrical conductivity, even though they could have a large Seebeck coefficient. Typically, there is a trade-off between the electrical conductivity and the magnitude of the Seebeck coefficient: The electrical conductivity increases whereas the magnitude of the Seebeck coefficient decreases with increasing carrier concenation. Therefore, good TE materials are usually semiconductors with an optimized carrier concentration in between 10 19 and 10 21 carriers per cm −3 [3] . However, the ratio R is significantly smaller than unity in semiconductors because the lattice thermal conductivity κ L is often much larger than the electronic counterpart κ e . To enhance the ratio R and hence zT by reducing the κ L , defects of different scales are usually introduced, but meanwhile, the electrical conductivity would be significantly impaired [1, 15, 19, 20] .
In mid 1990s, Dresselhaus et al. suggest that an extremely high > zT 6 ( > zT 14) can be realized in 2D (1D) quantum systems [21, 22] . Such enhancement of zT is mainly due to two reasons: an increase in density of states over a narrow energy range [23, 24] and the strong phonon-boundary scattering in nanostructures. Their predictions have stimulated a new wave of interest in TE nanostructures [4, 5, 18] . Novel quantum materials such as topological insulators (TIs), which are insulating in their interior while exhibit unique topologically protected conducting boundary states on their surfaces or edges, offer a new way for designing high-performance TE devices [17, 25] . The theoretically predicted intriguing spin-momentum locking effect of these topological surface (or edge) conduction electrons [26] [27] [28] have been experimentally [29] [30] [31] [32] confirmed to be immune to the backscattering in the presence of non-magnetic impurities and defects. It has been observed in TI nanofilms that the topological surface states, with the relaxation time two orders of magnitude larger than the bulk one, can contribute much higher electrical conductance in comparison with the bulk states [25, 33, 34] . Furthermore, the measured room-temperature power factor and figure of merit of TI thin films can be about ten times larger than the bulk counterparts [35, 36] . The dramatic difference in the relaxation times between the two electronic transport channels of different dimensionality in TI nanostructures, as will be discussed, will lead to unconventional TE behaviors and hence unprecedented high figure of merit.
In this article, we demonstrate for single-layer topological insulator ZrTe 5 [37] [38] [39] nanoribbons, the dramatic difference in the relaxation time between the backscattering-free in-gap topological edge states (TESs) and the highly scattering 2D bulk states gives rise to several unusual TE behaviors greatly improving the TE efficiency. (I) Anomalous Seebeck effect: The magnitude of the reduced Seebeck coefficient in TI nanoribbons is much larger than unity with an opposite sign to its bulk counterpart. The anomalous sign of the Seebeck coefficient was theoretically predicted [40] and then experimentally observed in (Bi 1−x Sb x ) 2 Te 3 thin films [41] . (II) Wiedemann-Franz law violation: The ratio of the electrical conductivity to the electronic thermal conductivity can be several times larger than that given by the Wiedemann-Franz law, which was thought as a quite robust law for conventional materials. The violation of Wiedemann-Franz law in TI nanostructures was theoretically predicted very recently [25] . Since (II) is based on the same assumption of relaxation times as (I), the observation of the anomalous sign of the Seebeck coefficient in Ref. [41] can be taken as an indirect evidence that the Wiedemann-Franz law is substantially and thus extremely violate the Wiedemann-Franz law, giving rise to a tens of times larger electrical to the electronic thermal conductivity ratio. These arresting features, particularly the anomalous Seebeck effect and the Wiedemann-Franz law violation, play the main roles to achieve the exceptionally high TE performance of > zT 10 much larger than zT~0.3 of the bulk specimens [42] , opening a route to the ultrahigh TE efficiency.
Results and discussion

Electronic structures and electron scattering
The crystal structure of the single-layer ZrTe 5 in the x-z plane is shown in Fig. 1a . It is composed of alternate trigonal prismatic ZrTe 3 chains (yellow shaded) along the x direction and parallel zigzag Te chains stacking in the z direction. The geometrically optimized lattice constants are 4.05 Å and 13.86 Å in x and z directions, respectively. The single-layer ZrTe 5 is in the TI phase due to the band inversion around Γ, where the spin-orbit coupling opened energy gap E g dir as shown in Fig. 1c [37] . The direct band gap E g dir of 313 meV is much larger than the indirect full gap E g indir of 143 meV. To further investigate TE properties of TI nanostructures, we consider the geometrically optimized ZrTe 5 ribbon extended along the x direction with a finite width of 14.1 nm (10 unit cells) along z direction as shown in Fig. 1b . The electronic structure is shown in Fig. 1d , in which the color of dots represents the atomic contributions from Te 2 (ZrTe 3 ) terminated half side indicated in Fig. 1b . For the topological edge states, more than 90% of the charge is localized within either the Te 2 half side (blue) or the ZrTe 3 half side (red), while, for the bulk states As shown in Fig. 1d , two topologically protected linear edge states with different Fermi velocities lie exclusively in the bulk band gap. The difference in slopes of these one-dimensional TESs is due to the asymmetric edge structures, of which one side is terminated with ZrTe 3 trigonal prismatic chain while the other side with the Te zigzag chain (Fig. 1b ). The charge profiles ( Fig. 1b ) of the inner (outer) TES ( Fig. 1d ) clearly show their localized nature around the Te 2 (ZrTe 3 ) edge. Both their decay lengths are less than 3 nm, which are much smaller than the ribbon width, giving rise to the non-overlapping wave functions at opposite edges. Such a small decay length results from the large gap E g dir opened by the spin-orbit coupling [43, 44] . Moreover, the backward nonmagnetic scattering between the in-gap TESs at the same edge is forbidden due to the opposite spin polarization between its initial and final states as illustrated in Fig. 1e . Consequently the relaxation time of the in-gap TESs, hereafter referred to as long lifetime states (LLSs), should be much larger than that of the bulk states, hereafter called short lifetime states (SLSs).
To deal with multiple channel carriers, we adopt the dual relaxation time model, which is a generalization of the conventional constant relaxation time model as described in the Method section [25, 40] . In principle, the LLS relaxation time τ LLS of two-dimensional TI ribbons should be much larger than that of three-dimensional TI thin films because the latter (former) do (not) have allowable scattering processes with scattering angles in between ∘ 0 and ∘ 180 . It has been shown that the room-temperature LLS relaxation time in TI films can be as large as hundreds of femtoseconds [25] . Therefore, for TI ribbons, an LLS relaxation time of several picoseconds, which is orders of magnitude longer than that of SLSs, should be reasonable. In this work, the LLS relaxation time of 5 ps is used in most calculations while the dependence of zT on LLS relaxation time from 0.5 to 6 ps is also discussed. On ps. The TE parameters of the blue line is shown in (b-e). The lattice thermal conductivity κ L (e) obtained from our ab initio calculations is used for calculating the blue line in (a). The magenta line in (a) has the same TE parameters as the blue line except that the lattice thermal conductivity κ L is set as zero. P P and P N in (a) denote the zT peak energies respectively below and above the bulk gap (orange-shaded region). The latter is also denoted in the other hand, the SLS relaxation time is typically of the order of 1-10 fs [45] , and susceptible to defects. Therefore, by properly introducing defects, the SLS relaxation time comparable with or smaller than 1 fs should be achievable. If the defects are controlled in the bulk-like middle region of the ZrTe 5 ribbon where the TES carrier is absent ( Fig. 1b) , the SLS relaxation time can be significantly reduced without noticeably changing the LLS relaxation time. This can be experimentally realized through techniques such as nanoimprint/ion implantation or scanning tunneling microscope (see Supplementary Information S8 for detailed discussion) [46, 47] . As will be discussed later, the dramatic difference in the relaxation time between LLSs and SLSs originates unusual TE behaviors and hence strongly improves the TE performance. LLS ps. Two significant zT peaks near the band edges can be clearly seen: The n-type peak P N is 79 meV (3.1 k T B ) above the conduction band minimum (CBM); the ptype peak P P is 64 meV (2.4 k T B ) below the valence band maximum (VBM). More importantly, a very large zT value around 10 can be attained. In addition, even if we reduce τ LLS to 0.5 ps, comparable with that of TI films [25] , the zT , as demonstrated in Supplementary Information S6, remains unprecedentedly high. Such an unprecedentedly high zT comes from the unconventional TE behaviors caused by the ingap topological edge state (TES) carriers in the TI nanostructure. Fig. 2b shows the electrical to the electronic thermal conductivity ratios with the maximum value of approximately 4 around P N , which is far higher than unity, the value expected by the Wiedemann-Franz law. Such a strong violation of the well-believed WF law originates from the unusual electrical conductivity and electronic thermal conductivity of the in-gap TESs (i.e., LLSs) as shown in Figs. 2d and 2e, respectively. On the other hand, Fig. 2c compares the total Seebeck coefficient with the contribution from the LLSs and SLSs. As expected, the SLSs (green dashed curve) show very typical (e.g. Ref. [48] ) behaviors. In strong contrast, the LLSs, i.e., the in-gap TESs, show completely different behaviors (red curve), leading to the greatly enhanced Seebeck coefficient (blue curve) around P N and P P . These unconventional TE behaviors provide excellent opportunities to resolve the long-standing low-zT problem caused by the trade-off between TE properties. In the following two sections, we will elaborate two in-gap TES-induced unusual phenomena that achieve the high-zT in TI nanostructures: the anomalous Seebeck effect and the Wiedemann-Franz law violation. We will focus on the P N and the n-type ZrTe 5 . The behaviors for the P P and the p-type case are similar. 
TES-induced unconventional thermoelectric transport
Normal and anomalous Seebeck effect
, is proportional to the difference between the Fermi level E f and the dimensionless differential conductivity
It is normally much smaller than unity for metals (a) because their transport distribution function (TDF) Σ around E f depends weakly on energy so that the DDC average energy is very close to E f . On the other hand, the anomalous Seebeck effect (c) can be realized in TI nanostructures by utilizing the long-relaxationtime TESs with LLS carriers below the CBM (b). As illustrated in (c), because the scattering of the SLS carriers is much stronger than that of LLS carriers, it acts effectively as a carrier energy filter suppressing the carrier transport around E f above the CBM. Thus the DDC average energy ⟨ ⟩ E drops considerably below the CBM, resulting in a large magnitude of the reduced Seebeck coefficient over a wide temperature range (d). As shown in Figs. 2c and 3d , the magnitude of the roomtemperature reduced Seebeck coefficient, S, at P N energy, can be as large as 3.8 ( = S 0.33 mV/K), which is larger than that of most good TE materials.
Wiedemann-Franz law and its violation
The Wiedemann-Franz law states that the ratio of the electrical conductivity to the electronic thermal conductivity
is a constant for a given temperature. It implies that both the charge current and the electronic heat current are guided by the same scattering mechanism. Nevertheless, the charge current and the electronic heat current are evidently different in nature. The electrical conductivity is caused by the charge current with each electron carrying an elementary charge. While the electronic thermal conductivity is due to the electronic heat current that can be achieved through the exchanges between carriers with different energies [49] . The amount of the heat transport is the energy difference between the two exchanged carriers. Therefore, suppressing the energy distribution of the conduction electrons in general will decrease κ e and hence increase the ratio σ κ / e . Thus toward low temperature, the energy distribution of the conduction electrons narrows down and the ratio σ κ / e increases as expected by the Wiedemann-Franz law (eq. (1)).
To enhance the ratio σ κ / e at a given temperature, the Wiedemann-Franz law must be violated. To gain further insight into the Wiedemann-Franz law violation, we rewrite the solution of the Boltzmann transport equation, eq. (6), as (7)), measuring the DDC broadening along the reduced energy = ε E k T / B , is the only factor affecting the Wiedemann-Franz law. The Wiedemann-Franz law is valid only if the TDF (Σ) is weakly energy-dependent. In this case, the DDC profile is nearly the same as the Fermi window function as illustrated in Fig. 3e . Thus, the DDC variance δ is nearly equal to − C 1 (~3.3) resulting in nearly unity R e . In TI nanostructures, the DDC profile can be severely distorted by the large difference in the scattering intensity between the LLS and SLS carriers leading to significant violation of the Wiedemann-Franz law. If the DDC profile vanishes above the CBM, the DDC variance δ is reduced to unity causing about 3.3 times enhancement in the ratio R e (see Supplementary Information S5 for detailed derivation). In practical situations, the DDC does not completely vanish above the CBM due to the finite contribution of the SLS carriers (Fig. 3f ). This will broaden the DDC profile causing a reduction in the ratio R e . If the SLS contribution is completely vanished, the ratio R e approaches its upper limit = R σ κ R / LLS LLS LLS WF . As shown in Fig. 3h or 2 decreases. Considerable portion of the low energy tail of the Fermi window function extends to the energy region below the VBM. Hence the Wiedemann-Franz law is further violated due to this additional suppression in the DDC variance as illustrated in Fig. 3g . The resulting R LLS (R e ) can be even larger than 10 (5.8) as > T 600 K (Fig. 3h ). Moreover, R is nearly equal to R e above room temperature indicating that the lattice thermal conductivity κ L barely deteriorates the TE performance. This is mainly due to the nearly scattering-free TESs, which causes κ e much larger than κ L (Fig. 2j ).
Here we note that the significant violation of the Wiedemann-Franz law was mostly found in few strongly correlated systems at cryogenic temperature [50] . In our work, the violation of the Wiedemann-Franz law, having nothing to do with the strong correlation, results from the extremely large difference in the relaxation time between the in-gap TESs and bulk states. This mechanism is not limited to the low temperature, and hence opens a new way toward the TE power generator operating efficiently over a wide temperature range above the room temperature. Combining the strong violation of the Wiedemann-Franz law here with the anomalous Seebeck effect discussed previously thus achieves extremely high figure of merit zT as shown in Fig. 3i over a wide temperature range.
Defect effect on the TE performance
As discussed previously, the high figure of merit results mainly from the dramatic difference between the SLS relaxation time τ SLS and the LLS relaxation time τ LLS . Therefore the TE performance can be further enhanced by reinforcing the difference between them. One simple way is to introduce defects into the middle bulk-like region of the TI ribbon by which τ SLS can be significantly reduced without noticeably changing τ LLS . Figs , the LLS carriers dominate transport properties around the CBM no matter τ SLS is 1 or 0.2 fs because τ LLS is much larger than τ SLS while the SLS carrier concentration is not yet overwhelming the LLS one. Thus, the figure of merit increases with increasing Fermi level due to the increases of both the R LLS and the magnitude of the S LLS . When the Fermi level further increases, the TE transport parameters deviate from their LLS counterpart causing the reduction in both the ratio R and the magnitude of the Seebeck coefficient. As shown in Figs. S2b and S2c, such reductions occur at a higher Fermi level for = τ 0.2 SLS fs (highly defected cases) than the undefected/ less-defected case ( = τ 1 SLS fs), leading to a higher zT for the highly defected case (Fig. S2a) .
The electronic thermal conductivity κ e has an additional component κ int (Method section), which arises from the carrier inter-channel exchanges between the LLSs and the SLSs. Because of this additional term, the significant deviations of κ e and R e from their LLS contributions occur at a lower energy than those of σ and S. Therefore, the energy of the R e peak is lower than that of the maximum magnitude of the Seebeck coefficient as shown in Figs. S2b and S2c. The P N energy thus lies between these two peaks (yellow-shaded region in Figs. 2b and 2c for = τ 1 SLS fs). The optimized zT and P N are governed by the trade-off between the ratio R e (R) and the Seebeck coefficient. This scenario of optimizing carrier concentration is very different from the typical one discussed in Introduction (or more detailly in Ref. [15] ) due to the qualitatively different behaviors of the TE parameters.
It is worth noting that the strong energy dependence of the TDF is generally expected in good TE systems. This is the fundamental reason why good TE materials typically are semiconductors, in which the dramatic variation of the density of states near the band edge originates the strong energy dependence of the TDF. Many efforts have been devoted to further strengthen the energy dependence of the TDF through various strategies such as low dimensional systems (e.g. quantum wells [21] , quantum wires [22] , and quantum dot superlattices [24] ), conventional energy filters (e.g. supperlattices [51] , nanoparticles and grain boundaries [52, 53] ), ionized impurities [54] , and resonant levels [55] . However, the carrier velocities are usually low in semiconductors owing to the near-band-edge nature. Introducing energy filters and/or impurities will intensify the carrier scattering and may degrade the TE performance. In contrast, for the TI nanoribbon proposed in this work, the electrical conductivity mostly comes from the in-gap TES (i.e., the LLS) carriers with high carrier velocities. The strongly energy-dependent TDF is driven by the drastic difference between the LLS and SLS relaxation times. As shown in Figs. 2d and 2i , increasing LLS relaxation time is beneficial to the electrical conductivity because the total conductivity σ is nearly equal to the LLS conductivity σ LLS around the optimized Fermi level (i.e., P N or P P energy), whereas reducing SLS relaxation time does not change the electrical conductivity noticeably.
Further violation of Wiedemann-Franz law induced by strain
As discussed previously, the Wiedemann-Franz law violation with > R 3.3 e , < δ 1 (Fig. 3g) can be achieved through reducing the reduced gap ε g with increasing temperature. In fact, = ε g E k T / g Ribbon B , at a given temperature, can be further reduced by applying strain. As demonstrated in Supplementary Information S1, either the uniaxial tensile or compressive strain along either the x or z direction can significantly reduce the ribbon bulk gap E g Ribbon . As an example, we consider the 4% tensile strain along the z direction leading to a small E g Ribbon of 22.8 meV (Fig. S1d) comparable with the room-temperature thermal energy and, correspondingly, a quite low reduced energy gap = ε 0.88 g . The resulting value of R e , as shown in Fig. 4b , can be up to 40 extremely violating the Wiedemann-Franz law, ≈ R 1 e . Although the ratio R e can be very high, the ratio R is significantly lower (Fig. 4g ) indicating a small κ e comparable or much smaller than κ L (Fig. 4j ). Such a small value of κ e can be attributed to two phenomena caused by small E g Ribbon : 1. the small DDC variance δ and 2. the low LLS carrier concentration. The former is beneficial to the TE performance because it increases the R LLS and hence the R e . However, the latter is detrimental because it facilitates the deviation of the κ e (R e ) from the κ LLS (R LLS ). As shown in Fig. 4b , the room-temperature difference between the R e and R LLS is noticeable, even if the Fermi level lies in the LLS energy region. When the Fermi level is optimized at the P N energy, the value of R e is only about half of the R LLS . Because the LLS-SLS exchange term, κ int , is the main cause of the deviation of the κ e from the κ LLS (Figs. 2j and 4j) , the reduction in the LLS carrier concentration will drive the P N energy toward the LLS region causing the decrease in the magnitude of the Seebeck coefficient (cf. Figs. 4h and S3b). Consequently, the strained ribbon has a smaller zT than the unstrained ribbon (cf. Figs. 4f and S3a), even though its R e is much larger (cf. Figs. 4g and S3c) .
In this work, we also obtain the lattice thermal conductivity through ab initio calculations, in which we do not consider the reduction of the lattice thermal conductivity caused by defects. To see the effect of the κ L reduction on the TE performance, we calculate the figure of merit in the extreme case of = κ 0 L as indicated by the magenta dotted lines in Figs. 2a and 2f . For the unstrained case shown in Fig. 2a and f, the figure of merit with = τ 1 SLS fs is not sensitive to the reduction in the lattice thermal conductivity above room temperature because the lattice contribution κ L is much smaller than the electronic contribution κ e as shown in Figs. 2e and 2j . Therefore it is unlikely to improve the TE performance by reducing the lattice thermal conductivity. On the other hand, because of the low electronic thermal conductivity discussed previously, the strained figure of merit with = τ 0.2 SLS fs can be largely enhanced by suppressing the lattice thermal conductivity as shown in Figs. 4a and 4f.
Conclusions
We systematically investigate the TE properties of single-layer topological insulator ZrTe 5 nanoribbons through the Boltzmann transport theory with electronic bands and lattice thermal conductivity obtained from ab initio calculations. We demonstrate that the dramatic difference in the relaxation time between the TESs and the 2D bulk states originates unconventional TE behaviors leading to extremely high TE performance as long as the Fermi level is properly tuned. A figure of merit larger than ten is viable mainly due to the strong Wiedemann-Franz law violation associated with the anomalous Seebeck effect. The calculated reduced Seebeck coefficient is much higher than unity and than that of most good TE materials as well. The widely accepted Wiedemann-Franz law is strongly violated with the ratio of the electrical conductivity to the electronic thermal conductivity several times greater than that expected by this law. By properly introducing defects in the middle 2Dbulk region of the ribbon, not only the lattice part but also the electronic part of the thermal conductivity can be significantly reduced without noticeably deteriorating the electrical conductivity, leading to further improvement in the TE performance. Under a suitably applied strain, the ratio R e could even be raised up to tens of times violating the Wiedemann-Franz law. In addition, as demonstrated in the Supplementary Information S4, the single-layer topological insulator ZrTe 5 with a bulk gap smaller than 0.15 eV is almost exempted from the negative effects caused by the bipolar effects, which in general may seriously deteriorate the TE performance of normal small-gap semiconductors. These excellent TE behaviors give a new paradigm to 
Method
Electronic structure
The electronic structure is calculated through the projector augmented wave (PAW) approach within the framework of density functional theory as implemented in the Vienna ab initio Simulation Package (VASP) [56] [57] [58] . The exchange-correlation is described in the Perdew-Burke-Ernzerhof (PBE) form of generalized gradient approximation (GGA) [59, 60] . The spin-orbit coupling is incorporated in the self-consistent calculations. The parameters used in the calculations, such as the cutoff of augmented plane waves and sampling of the Brillouin zone, are carefully checked to ensure the convergence. All the internal atomic coordinates and the lattice constant are relaxed until the magnitude of the force acting on all atoms is less than 0.001 eV/Å.
Electronic transport properties
The figure of merit zT can be expressed as = zT CRS , 2 (2) in which the C, R, and S are all dimensionless. The = C π 3/ 2 is a constant, S the reduced Seebeck coefficient, = R σ κR / WF the electrical-to thermal-conductivity ratio divided by = R Ce k T / WF B 2 2 , the value expected from the Wiedemann-Franz law [61] , T the absolute temperature, k B the Boltzmann constant, and e the elementary charge. The total thermal conductivity κ includes the electronic part κ e and lattice part κ L . In this work, the lattice thermal conductivity κ L , as will be described in the "Phonon transport" subsection, is calculated through the harmonic and anharmonic interatomic force constants obtained from density functional perturbation theory. All the other TE parameters are calculated from the Boltzmann transport equation based on ab initio results, and can be expressed in terms of the dimensionless differential conductivity (DDC), i.e., the product of the dimensionless Fermi window function and the dimensionless transport distribution function (TDF) (Σ),
the reduced energy (reduced Fermi level). The TDF Σ can be expressed as
, E k is the electronic band structure calculated through the density functional theory, v k the group velocity, and τ k the relaxation time, ℏ the reduced Planck constant, and a B the Bohr radius. The conductivity is proportional to the integral of the DDC, 
which is proportional to the variance of the DDC,
Here, the angle brackets,
is the average quantity ξ of the DDC. The DDC variance δ characterizes the spread of the DDC around the mean ⟨ ⟩ ε . The reduced Seebeck coefficient is just the difference between the reduced Fermi level and the average reduced energy of the DDC, i.e.,
and the Seebeck coefficient is = S k e S ( / ) B .
Electronic transport properties based on dual relaxation time model
To calculate and analyze the transport properties caused by LLS and SLS channels, we adopt the dual relaxation time model, which is a generalization of the conventional constant relaxation time approximation [25, 40] . In this model, the LLS and SLS relaxation times, τ LLS and τ SLS , are generally two different constants. The LLS (SLS) electrical conductivity σ LLS (σ SLS ), the LLS (SLS) reduced Seebeck coefficient S LLS (S SLS ), and the LLS (SLS) electronic thermal conductivity κ LLS (κ SLS ) are the TE parameters contributed by merely the LLS (SLS) transport channel. They are calculated by equations of the same form as those of the previous section while only the LLSs (SLSs) are incorporated in the integrals. We can rewrite the TE parameters of the whole system in terms of these LLS and SLS TE parameters.
The electrical conductivity is just the sum of its LLS and SLS components,
The electronic thermal conductivity, unlike the case of the electrical conductivity, is not merely the sum of the LLS and the SLS contributions. It has an additional term κ int , i.e., 
Here, the ⟨ ⟩ ε LLS (⟨ ⟩ ε SLS ) is the average reduced energy of the DDC over the LLSs (SLSs). Given that the electronic thermal conductivity is defined under open circuit conditions, the heat transport brought by carriers can be achieved only through the exchanges of carriers with different energy [49] . The κ LLS (κ SLS ) arises from the heat transport through the intra-channel exchanges between the LLS (SLS) carriers, while the κ int through the inter-channel exchanges between the LLS and the SLS carriers. The reduced Seebeck coefficient is a conductanceweighted average of the those associated with the two types of carriers,
Phonon transport
The lattice thermal conductivity is calculated through the almaBTE code with the harmonic and anharmonic (third-order) interatomic force constants (IFCs) as input [62] . Both the harmonic and the anharmonic IFCs are obtained through the ab initio calculations using the VASP as the computational engine [56] [57] [58] . The harmonic IFCs are calculated through the density functional perturbation theory [63] , in which the × × 5 1 3 supercell (180 atoms) with × × 3 1 3 k-mesh is considered. The phonon dispersion is calculated by using the PHONOPY code with these harmonic IFCs as input [64] . As shown in Fig. S4a , the absence of imaginary frequencies in the phonon band structure guarantees the dynamical stability. In the calculation of the anharmonic IFCs, the THIRDORDER. PY script is used and the × × 5 1 2 supercell (120 atoms) with × × 3 1 3 k-mesh is considered [65] . The interactions up to the fifth-nearest neighbors are included. The phonon waves are assumed to be scattered specularly at the two ribbon edges. This gives the largest possible lattice thermal conductivity and hence would cause a conservative estimation of the TE performance. We also calculate lattice thermal conductivity under the diffusive boundary condition as functions of temperature. As shown in Fig. S4b , the reduction in the thermal conductivity caused by the diffusive boundary condition decreases with increasing temperature. At 100 K (700 K), the thermal conductivity under diffusive boundary condition is 23% (7%) lower than that under specular boundary condition. The lattice thermal conductivity, as shown in Fig. 2j , decreases with increasing temperature. It is lower than 1 W/m ⋅ K above 100 K, and smaller than that of most known 2D materials [66] .
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